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Simulation of Vortex Breakdown Using Adaptive Grid
Refinement with Vortex-Center Identification

Mitsuhiro Murayama,* Kazuhiro Nakahashi,” and Keisuke Sawada*
Tohoku University, Sendai 980-8579-01, Japan

A topological-feature adaptation method is proposed to compute vortical flows around a delta wing at high
incidence. Vortex-center identification based on the locally applied critical-point method is utilized as an indicator
of the grid refinement using Rivara’s bisection algorithm (Rivara, M. C., “Selective Refinement/Definement Algo-
rithms for Sequences of Nested Triangulations,” International Journal of Numerical Methods in Engineering, Vol.
28, 1989, pp. 2889-2906). The three-dimensional Navier-Stokes equations are solved using the hybrid unstruc-
tured grid. The computed results show that the refinement at the vortex core is effective to improve the numerical
accuracy of the flow around a delta wing. The present feature-adaptive refinement is especially effective to improve
the prediction of the vortex breakdown positions at high incidence. The results indicate the importance of the
resolution at the vortex core for an accurate prediction of vortex-dominated flowfields.

Introduction

LOWS around a delta wing at high incidence are largely gov-

erned by the leading-edge separation. This separation vortex
may generatea large nonlinearliftincrement, called vortex-induced
lift at moderate angles of attack. At higher angles of attack, how-
ever, this vortex may burst, resultingin a sudden decrease of the lift.
It is important to understand and predict such flowfields dominated
by vortices for prediction and control of the vortex breakdown of
a delta wing at high incidence, for the empennage buffeting by the
vortex breakdown, and for the interaction between the helicopter
blade and the tip vortex.

Recently, such complex flow problems have been numerically in-
vestigated by large-scale computations. To obtain accurate numeri-
cal results with the limited capacity of the computer, the grid points
have to be allocated properly. However, local characteristic lengths
of a flow depend highly on the flow condition and configuration. It
is almostimpossibleto generatea grid accordingto local flow scales
without knowing the resulting flowfield. The adaptive grid refine-
ment method, therefore, is very useful for practical computations.
Several effective methods have been proposed.'—

For the use of adaptive grids, it is essential to choose the indicator
for the grid refinement. For transonic and supersonic flows, gradient
or second derivatives of the density have been successfully used for
resolving shock waves and shear layers.! The methods that use the
truncationerroras the gridrefinementindicatorare also ideal. On the
otherhand, for the vortical flows, such as the leading-edgeseparation
on a delta wing at high incidence and the wing tip vortex, it is
difficult to selecta proper criterion for adaptation. The conventional
density gradientis not effective at low subsonic flows. Gradients or
second derivativesof the total pressureor the vorticity may be better
indicators. However, these indicators are often very noisy.

Moreover, a threshold for the indicator has to be determined for
the field variablesto control the degree of adaptation. A larger value
of the threshold of the indicator cannot improve the computational
accuracy, whereas a smaller value may result in too great a con-
centration of grid points, causing the failure to utilize the given
computational environment. A proper threshold can be found only
on a trial-and-error basis.

In this paper, topological features of flows are utilized as an indi-
cator of the adaptive grid refinement instead of the conventionalfield
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indicators. When a vortical flow around a delta wing at high inci-
denceis considered,the vortex centerlinescharacterizethe flowfield
and are often used for the flow visualization. One of the advantages
ofthe topologicalfeaturesinsteadof the gradientof flow variablesas
the adaptation indicator is that the important regions for flowfields
are identified easily and refined effectively. Once the characteristic
topologyis identified in the flowfield, grid refinementcan be applied
to the grid cells marked by the topological feature.

The objective of this paper is to examine the effectivenessof the
topologicaladaptationinstead of the gradientadaptation for vortical
flows over a delta wing. A vortex-centeridentification method pro-
posed by Sawada® is coupled with the unstructured grid refinement
method. Therelationshipbetween the grid resolutionaroundthe vor-
tex center and the vortex breakdown predictions is also examined.
The vortex breakdown is considered to have a strong relationship
with the streamwise pressure gradientalong the longitudinal vortex
core. Therefore, the adaptive refinement at the vortex core can be
expected to improve the accuracy of the vortex breakdown predic-
tions.

Vortex-Center Identification Method

There are several methods to identify vortex centers.”~12 One ap-
proach s to take the relevant physical quantity such as the vorticity
and the helicity density. The helicity density is a dot product of
velocity and vorticity. Because those two vectors point at the same
directionat the vortex core, the vortex centerline can be easily found.

Another approach is to use critical-pointanalysis.”~® In this ap-
proach, the velocity field is expandedaroundthe critical point, where
the velocity becomes zero and the slope of the streamline becomes
indeterminate. The local structure of the flowfield is related to the
characteristics of the coefficient matrix that appears as the leading
term in the series expansion of the velocity field. The vortex cen-
terline at the critical point is parallel to the eigenvector of the real
eigenvalueof the coefficient matrix. Thus, the vortex centerlinenear
the critical point can be identified by finding the critical point and
the associated eigenvector. A higher-order streamline integration is
employed to obtain the extended vortex centerline apart from the
critical point. In general, however, it is difficult to follow the vor-
tex centers apart from the critical point especially when the vortex
center exhibits a significant wavy pattern. In the case of the longitu-
dinal vortex, which has an apparentaxis, it is possibleto identify the
critical point by the projection of the velocity fields on the vertical
section of the vortex axis. However, application of the projectionis
difficult when the axis direction changes and it cannot be forecast.

In this study, a vortex-center identification method proposed by
Sawada® is employed. It applies the critical-pointanalysislocally.In
this method, streamlines are semi-analyticallyconstructedusing the
assumptionthatthe local velocity field can be linearly parameterized
in a tetrahedral computational cell as shown in Fig. 1:
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Fig.1 Parameter space in a tetrahedral computational cell.
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where (u;, v;, w;) are the velocity components at the corresponding
vertices. The parameters (p, g, r), which are assumed to be the
functions of time ¢, should satisfy the following conditions:
0=<p,q,r, ptqg+r=1 3)
The streamline equationsin the three-dimensionalfield can be writ-
ten as
dx d dz
S22y @)
u v w
For the local linear assumption, these streamline equations can be
written as

dp

gt ap dp ap 14 b,

d_[tl =|dau axn asxp q |+ b ®)
dr asy 4z das r b;

dr

where a;; and b; are the coefficient matrix and the coefficient vector
that are given analytically from the coordinates and velocity com-
ponents at the vertices of the tetrahedral cell.

These equationscanbe rearrangedas asetof third-order,constant-
coefficient, linear differential equations. For the parameter p, the
equationis

&p dp  dp

FTERTS +5 5 VP = k, (6)
where coefficients o, 8, y, and k, are constants composed of a;;
and b,. Solution of Eq. (6) depends on the characteristics of the
coefficient matrix. For example, if the characteristic equation has
three distinct roots %;, p(t) will take the following form:

pt) =A™ + A, +Aze™ — (k,/y) 7

where coefficients A; are constants and can be determined by the
initial conditions.

If the characteristic equation has one real root A, and two con-
jugate complex roots A, and A3, then the local streamline within
the cell draws a spiral pattern. Analytic solution for the local veloc-
ity field can be given, and the following analytic equations for the
vortex center can be obtained from Eq. (7):

Pk, /y) g+ k/y) r+k/y)
A ~ B ¢

®)

Equation (8) represents a straight line through the point (—k,/y,
—k, /v, —k,/y) in the parameter space whose direction is parallel
to the vector (A, By, C;). Here, it can be shown that the vector
(A}, B,,C))7 is the right eigenvector of the coefficient matrix a;j
in Eq. (5) with the associated real eigenvalue A;. Thus, Eq. (8), the
possible vortex centerline,is identified as a unique straightline in the
parameter space. In case the straightline crosses the computational
tetrahedralcell, the line segmentinside the tetrahedralcell is taken as
thelocal vortex centerline. The line segments of the vortex centerline
are defined in this way, and as a result, a collection of these line
segments represents the overall vortex centerline.

Although this method is similar to the critical point analysis, it
has several unique advantages. In this method, there is no need for
projectionor the high-order streamline integration because the vor-
tex centerlineis defined locally one by one. This featureis favorable
for unstructured grids, which consist of tetrahedral computational
cells. Although the present method may produce discontinuousvor-
tex centerlinein a coarse grid, it will be good enough for indicating
the area of grid refinement.

Adaptive Refinement Method

To compute the boundary layer accurately and efficiently, the
hybrid unstructured grid method is used. The hybrid grids compris-
ing tetrahedra, prisms, and pyramids are generated by the method
described in Ref. 13. The prismatic semistructured grid is gener-
ated around viscous boundary surfaces and covers viscous regions
whereas the tetrahedral grid covers the rest of the computational do-
main. Pyramid grids are used for the junctionat prismatic and tetra-
hedral grids. The Delaunay approach for tetrahedral grid generation
is used. The proposed prismatic grid is structuredin directions nor-
mal to the boundary faces, but the number of prisms generated from
each boundary face is variable from face to face for the flexibility
of the grid generation.

An adaptive grid refinement method is used to increase the mesh
resolution in the vicinity of the vortex centers. Variations of the
flow variables, such as the density and total pressure, were used as
an indicator of the grid refinement." However, such an indicator
is sometimes very noisy, as shown in Fig. 2. Moreover, the degree
of the refinement depends on the threshold of the indicator. The
threshold has to be found by trial and error.

Here, we use the distinct topological flow feature, vortex center-
lines, identified by the vortex-centeridentification method as the re-
finementindicator. When the topological featureis used, the present
method can refine the most important regions effectively and de-
crease a time-consuming task for grid refinement. It is also interest-
ing to see the relationship between the resolution of a vortex core
and the breakdown prediction. Here, the cells containing the vortex
centerlines and its neighboringcells are flagged for the refinement.

The refinement algorithm employed in this study is Rivara’s bi-
section algorithm15 (also see Ref. 2). A tetrahedronis bisected by a
plane passing through the midpoint of its longest edge and through
the nodes opposite to this edge. If an edge of the tetrahedron has
already been bisected, the element is marked for refinement. The
process is repeated until no marked tetrahedra remain.

This method is extended to the hybrid grid used here in the fol-
lowing order:

1) The cells containing the vortex centerlines and its neighboring
cells are flagged.

2) The tetrahedronsare divided using the bisection algorithm.

3) The pyramids connecting to the divided tetrahedrons are di-
vided.

4) The prisms connecting to the divided pyramids and tetrahe-
drons are divided.

5) The prisms below the divided prisms are divided one after
another until the division reaches the boundary surface.

Flow Solver

The three-dimensionalNavier-Stokes equationscanbe expressed
in an integral form as follows:

i/QdV-i-/ [F(Q) —G(Q)]-ndS =0 C))
ot Q Q
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Second derivatives of the total pressure

Fig.2 Conventional index for adaptation on a delta wing.

where Q= [p, pu, pv, pw, ]’ is the vector of conservative vari-
ables; p is the density; u, v, and w are the velocity components in
the x, y, and z directions; and e is the total energy. The vectors F (Q)
and G(Q) represent the inviscid and viscous flux vectors, and n is
the outward normal of 92, which is the boundary of the control
volume 2. This system of equations is closed by the perfect gas
equation of state.

The equations are solved by a finite volume cell-vertex scheme,
where the control volume €2; at mesh i is a nonoverlappeddual cell.
With this control volume boundary, Eq. (9) can be written in an
algebraic form as follows:

00; 1 _
8_% =V |: Z ASijh(Q;;a 0 ”ij) - Z AS;G(Qy, ”ij):|

o J
(10)

where AS;; is a segment area of the control volume boundary as-
sociated with the edge connecting points i and j. The term & is an
inviscid numerical flux vector normal to the control volume bound-
ary,and Ql.ij are values on both sides of the control volume boundary.
The subscriptof summation, j (i), refers to all node points connected
tonodei.

The Harten-Lax-van Leer-Einfeldt-Wada Riemann solver (see
Ref. 16) is used for the numerical flux computations. Second-order
spatial accuracy is realized by a liner reconstructionof the primitive
variablesq=[p, u, v, w, p]” inside the control volume, namely,

qx,y,20)=¢q; +¥;Vgq-(r—r) (1D

where r is a vector pointing to point (x, y, z) and i is the node
number. The gradients associated with the control volume centroids
are volume-averaged gradients computed using the value in the sur-
rounding grid cells. A limiter ¥ is used to make the scheme mono-
tone. Here Venkatakrishnan’s limiter!” is used because of its superior
convergence properties.

To compute viscous stress and the heat flux terms in G(Q), spatial
derivativesof the primitive variables at each control volume face are
evaluated directly at the edges.

The lower-upper-symmetric Gauss-Seidel (LU-SGS) implicit
method, originally developed for structured grids (see Ref. 18) is
applied to compute the high-Reynolds-number flows efficiently.
The LU-SGS method on an unstructured grid can be derived by
splitting node points j (i) into two groups, j € L(i) and j € U (i),
for the first summation in the left-hand side of Eq. (10). With
AQ=AQ"+t! — AQ", the final form of the LU-SGS method for
the unstructured grid becomes the following two sweeps.

Forward sweep:

AQ* =D |:Rl- —05 Y AS; (AR - ,oAAQj‘.):| (12a)
)

JeL(

Backward sweep:

AQ; = AQ! —0.5D"" Z AS;;(Ak; — paAQ;)  (12b)

Jjeu)

where Ah=h(Q + AQ) —h(Q) and

Vi
D= (E +0.5 Z AS,-,pA>1

J (@)

R =— ) AS;hi,+ Y AS;G

J (@) J @)
D is diagonalized by the Jameson-Turkel approximation'® of the
Jacobian as A* =0.5(A & p,I), where p, is a spectral radius of
JacobianA.

The lower-upper splitting of Eq. (12) for the unstructured grid is
doneby a gridreorderingtechnique?® that was developedto improve
the convergence and the vectorization. For unsteady flow, the time
accuracy of the LU-SGS solutionalgorithmis recoveredby Newton
iteration using the Crank-Nicolson method.

Results
Computational Model and Flow Condition

The geometry used in the present study is a slender delta wing of
aspect ratio of unity and a sweep angle of 76 deg correspondingto
the experimentby Hummel.?! The axial directioncoincides with the
wing chord direction, and the apex sets x =0 and the trailing edge
x = 1. The outer boundaryis a semisphere whose radius is a 10 root
chord length. The first point above the wing surface is located at a
distance of 10~ root chord lengths. For the grid resolution around
the leading edge, the surface grid is concentrated on the leading
edge, as shown in Fig. 3. The total number of initial grid points is
302,810.The numbers of prismatic, tetrahedral, and pyramidal cells
are 409,645,510,289, and 63, respectively.

Solutions were obtained at a freestream Mach number M, = 0.3
and several angles of attack for flows without vortex breakdownand
with breakdown. The Reynolds number based on the root chord is
0.95 x 10° at angle of attack of 20.5 deg and 1.0 x 10° at the other
angles of attack. Laminar flow was assumed because the experimen-
tal observation of Hummel?! showed a laminar flow at most regions
of the upper side of the wing.

Flows Without Vortex Breakdown

First, the solutionatangle ofattack of 20.5 deg, which did nothave
the vortex breakdown, was computed to examine the numerical ac-
curacy of the present method. The computationalresults were com-
pared with the available experimental measurements of Hummel?!
and Kjelgaard and Sellers.??
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Outer boundary

Closeup view of the wing surface

Fig. 3 Initial grid of the delta wing.

Figures 4a and 4b show the total pressure contours on several
streamwise cutting planes and the identified vortex centerlines ob-
tained on the initial grid. The total pressure contours on a cut view
at x =0.5 are shown in Fig. 5. In Figs. 4 and 5, a primary vortex
due to the leading-edge separation can be observed. The secondary
vortex induced by the adverse spanwise pressure gradients outboard
of the primary vortex can also be seen, althoughit is not very clear.
The primary and secondary vortex centerlines are identified by the
collectionof the line segmentsidentified at each computationalcell,

L

a) Total pressure contours on the streamwise cutting planes

b) Identified vortex centerlines

Fig. 4 Total pressure contours and vortex centerlines by the initial
grid: ao=20.5 deg, M = 0.3, and Re = 0.95 x 10°.

Fig. 5 Total pressure contours in the crossflow plane at x = 0.5 of the
initial grid: o = 20.5 deg, M =0.3, and Re = 0.95 X 10°.

although they are slightly discontinuous. The discontinuity of the
vortex centerlines may be due to the insufficient grid resolution.

Grid refinement was applied to this initial grid using the iden-
tified vortex centers as the refinement indicator. The vortex-center
identification method identifies the cells containing the vortex cen-
terlines. These cells are flagged at first. Then, the extent of the grid
refinement is controlled by specifying the depth of the neighboring
cell search. In the following results, one-depth search, which iden-
tifies the neighboring cells to the vortex core cells, is performed for
refinement, as shown in Fig. 6a.

Figures 6b and 6¢ show a cut view of the initial grid and the refined
grid where the adaptiverefinement was applied twice during the flow
computation. The total number of the grid points refined once and
the final grid points refined twice became 415,170 and 525,380,
respectively. The total pressure contours and the corresponding
vortex centerlines obtained on the adapted grid refined twice are
shown in Figs. 7 and 8. When compared with the initial results
in Figs. 4 and 5, the total pressure contours became smoother and
the secondary vortices appeared more clearly. The more continuous
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a) Cells containing the vortex centerlines and its neighboring cells for
the refinement
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¢) Cut view of the adapted grid; x =0.5
Fig.6 Adaptive refinement at o =20.5 deg.

vortex centerlines were obtained at the adapted grid, and the vor-
tex centerlinesof the secondary vortex were also recognized clearly.
These vortex centerlinesare very useful to understandthe flow struc-
ture.

For the validation, the surface pressure coefficients at different
axial locations were compared with experimental data?' and results
using second derivativesof the total pressure as the refinement index
in Fig. 9. In the case of the total pressure adaptation, a threshold for
the refinement was subjectively determined by trial and error, and
the total number of the grid points became 529,728. In the case
of the vortex-center adaptation, even one refinement, with fewer
than 415,170 grid points, can improve the overall prediction of the
pressure coefficients significantly. Thus, the present method can
improve grid resolution effectively for the vortical flowfields.

Total pressure contours on selected streamwise cutting planes

Identified vortex centerlines

Fig. 7 Total pressure contours and vortex centerlines by the adapted
grid: & =20.5 deg, M = 0.3, and Re = 0.95 X 10°.

Fig. 8 Total pressure contours in the crossflow plane at x = 0.5 of the
adapted grid: o =20.5 deg, M =0.3, and Re =0.95 X 10°.

Flows with Vortex Breakdown

At higher angle of attack, vortex breakdown will occur. This
breakdown phenomenon has a strong relationship with the stream-
wise pressure gradientalong the longitudinalvortex core, so that the
gridrefinementat the vortex core can be expectedto improve the pre-
diction accuracy of the breakdown position. In this section, the ef-
fectiveness of the present method to predict the vortex breakdown
for the flows at higher angles of attack is discussed.

When the angle of attack was increased, a vortex breakdown ap-
peared first at « =32 deg in the computation. This breakdown was
predicted only with the adaptive grid after two cycles of adapta-
tion and not with the initial grid. The crossflow views at x =0.9
and streamlines from the wing apex are shown for the initial grid
and adapted grid in Figs. 10 and 11, respectively. In Fig. 11b, the
streamlines starting from the wing apex show the vortex breakdown
pattern near the trailing edge of the delta wing.

To discuss the effectiveness of the present method, the adaptive
method using second derivatives of the total pressure as the refine-
ment index is compared with the present method. The predicted
vortex breakdown positions by the number of the refinement cycles
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Fig. 9 Surface pressure coefficients at different axial locations:
a=20.5 deg, M =0.3, and Re = 0.95 x 10°.

are shownin Table 1. The number of grid points after the adaptations
are shown in Fig. 12.

The crossflow view at x = 0.9 and streamlines from the wing apex
obtainedby the grid using the secondderivativesof the total pressure
are shown in Fig. 13. The overall grid density around the vortex in
the total pressure adaptation became larger than the vortex-center
adaptation, but the vortex breakdown did not appear at all. The total
pressure adaptation required three cycles of adaptation to predict
the vortex breakdown at o =32 deg. The total number of the node
points with this adaptationbecame two times larger than the case of
the vortex-centerlineadaptation. At o« =40 deg, the tendency is the b) Streamline
same as for the case at @ = 32 deg, although vortex breakdown was Fig. 11 Computed results by the grid adapted to vortex centerlines
resolved reasonably after two cycles of adaptation. (two-cycle adaptation): M = 0.3, Re = 1.0 X 10°, and o =32 deg.

5
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Table1 Vortex breakdown position using different indicators

Breakdown position

Vortex-center
adaptation

Total pressure

Refinement cycle adaptation

x/c =0.77 Hummel experiment, o = 32 deg

1 —_— —_—

2 0.9023 —_—

3 0.85 0.8842
x/c =0.4 Hummel experiment, o =40 deg

1 0.6912 —_—

2 0.38 0.4446

3 0.428 0.498

1000000

Onitial grid

0 Vortex-center
750000 —
[ Total pressure

adaptation —

W
(=3
(=3
(=3
(=3
(=3

250000 —

The number of grid points

2
Refinement cycle

Fig.12 Increment of grid points by the grid refinement.
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Fig.13 Computed results by the grid adapted to the second derivatives
of the total pressure: M =0.3, Re =1.0 X 10°, and o =32 deg.

From theseresults,it can be said thatbetterresults can be obtained
by the present feature-adaptation method at lower computational
costs: fewer number of refinement cycles and fewer grid points. It
also canbe said thatthe grid resolutionaroundthe vortex core is very
important for the accurate prediction of the vortex breakdown, as
discussedin Ref. 23. In the conventional field-value adaptation, the
threshold for refinement must be determined carefully. The number
of grid points in the conventionalfield-value adaptationmay become
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Fig.14 Variation of vortex breakdown positions.
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Fig. 15 Lift, drag, and pitching moment coefficients Cy, Cp, and Cy
vs angle of attack.

lower if we select more a proper value of the threshold carefully and
retry grid refinement because we decide the threshold for refinement
intuitively and subjectively. However, it will require a lot of work
because of the intuitive procedure. Thus, it will be clear that the
present method is more effective.

The vortex breakdown positions with the variation of angles of at-
tack are compared with the experiment of Hummel and Srinivasan®*
in Fig. 14. Computationalresults with the adaptive mesh show good
agreement with the experiment, although the computed breakdown
positions tend to be behind the experimental results. This small dis-
crepancy between the computational and the experimental results
may come from the different definition of the breakdown position.
In the present computations, the vortex breakdown position is de-
fined as the location where the velocity componentin the x direction
first becomes negative. In the experiment, the vortex breakdown is
defined as the rapid expansion of the core of the vortex visualized
by smoke or dye. This rapid expansion of the core occurs forward
of the stagnation position.

Vortex breakdown was resolved reasonably well after only two
cycles of adaptation at any angle of attack. In the bisection algo-
rithm, a cell is divided at most into two cells per cycle. Therefore,
several cycles of the refinement are required. The two cycles of
adaptation seems to be good enough for the present cases, although
the computational results with three cycles of adaptation show a
slightly better agreement with experiments. The number of the grid
points became about 1.5 times greater for two cycles of adaptation
and almost twice as much for three cycles of adaptation.

Figure 15 shows the computed lift, drag, and pitching moment
coefficients C;, Cp, and Cj, as a function of angle of attack by
two refinements. They are compared with experimental results?!
The computed results show good agreement with the experiment
for the case without vortex breakdown. However, the numerical
results for the lift reduction by the vortex breakdown are not as
good, which may be due to the transition to turbulent flow by the
vortex breakdown. Further investigation of a suitable turbulence
model may be required.
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Conclusions

Aneffectiveadaptiverefinementmethod using vortex centerlines,
which is a topologicalfeature of flows, as a refinement indicatorhas
been developed to compute the vortical flows around a delta wing
at high incidence. The feature-adaptationmethod has an advantage
thatit can refine the mostimportantregions effectively and decrease
a time-consuming task to select the threshold value that is required
in the conventional adaptive index. The present feature adaptation
improves the prediction of the vortex breakdown locations effec-
tively compared with the conventional adaptive grid method using
the variations of flow variables.
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